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Atomic scattering factors for thirty-five atoms and ions of the iron group transition series (Se 
through Cu) have been determined from Watson's recently calculated Hartree-Fock wave functions 
and compared with the few other available calculations. Principal scattering factors were also 
computed, following the methods of Freeman, for the 3d electrons of those atoms containing non- 
spherical charge distributions. As shown by Weiss & Freeman these are all that are needed for 
determining (from the measured neutron form factor) the spatial symmetry of the outer electrons 
in magnetic materials. Argon core scattering factors were also calculated, and, on the basis of these 
new results, the question of the constancy of the argon core is discussed quantitatively. Analysis of 
the 3d transforms for different stages of ionization shows another difficulty for the Weiss-:DeMarco 
experiments. 

Introduction 

For many  years, the most widely used atomic scatter- 
ing factors were those of Bragg & West (1928), 
Debye (1930) and Bewilogua (1931), calculated from 
Fermi-Thomas electron-distribution functions, and 
those of James & Brindley (1931), which were based 
for the most part on self-consistent field (SCF) wave 
functions without exchange. For those atoms for which 
no such wave functions were available, James & 
Brind]ey (J&B) used an interpolation procedure to 
determine form factors for these atoms from the ones 
they had already calculated. With the increase in 
precision of modern X-ray methods, showing the in- 
adequacy of these J&B values (Bacon, 1952; Cochran, 
1953 and others) there has arisen a determined effort 
to improve on these form factors in several ways 
(Viervoll & Ogrim, 1949; McWeeny, 1951; Parry, 
1955), culminating in the use of Hartree-Fock wave 
functions to include the effects of exchange (Hoerni 
& Ibers, 1954, 1957). On a large and more inclusive 
scale Berghuis et al. (1955) and Freeman (1959a) 
calculated atomic scattering factors for many atoms 
and ions using latest Hartree-Fock wave functions. 
Recently, form factors for a large number of atoms and 
ions have been computed from Fermi-Thomas-Dirac  
functions by Thomas & Umeda (1957) as well, provid- 
ing important  data for many  elements for which no 
SCF wave functions are available. 

The X-ray experiments of Weiss & DeMarco (1958, 
1959), on the number of 3d electrons in the transition 
metals, have stimulated a great deal of interest in 
determining accurate values of the atomic scattering 
factor (Batterman, 1959a, b, and Komura et al., 1959). 

Furthermore, the polarized neutron method of Shull 
has been shown to determine very accurate magnetic 
form factors for the 3d electrons (Nathans, Shull et al., 
1959; Nathans & Paoletti, 1959; Pickart  & :Nathans, 
1959) while Weiss & Freeman (1959) were able to show 
theoretically that  this data, when properly analyzed, 
gave charge densities which showed deviations from 
spherical symmetry.  These developments emphasize 
the current need for accurate form factors, both for 
the total charge density and the individual 3d trans- 
forms, especially for the iron group transition elements. 

Until  recently, however, there have been few Har- 
tree-Fock self-consistent field wave functions available 
for these elements, but of these none was an exact 
Hartree-Fock treatment.  The calculations of Hartree 
(1954, 1956), were based in part  on interpolation for 
the wave functions of the inner electrons in Mn+2 and 
in part  on the use of the argon core (ls22s22p63s~3p 6) 
wave functions from this calculation in the calculation 
of the outer electron (3d, 4s) wave functions for Ti +, 
V+2, Mn+ and Mn. Wood & Prat t  (1957) carried out a 
modified Hartree-Fock calculation for atomic iron by 
using Slater's (1951) average exchange potential to 
simplify the variational problem. 

In fact the V +z calculation of Worsley (1958) was 
the first really accurate Hartree-Fock calculation for 
the case of an unfilled d shell in that  no use was made 
of interpolations or other approximations and the 
numerical solution carried out to full self-consistency. 
More recently, Piper (1959) has calculated complete, 
accurate Hartree-Fock wave functions for Fe +3, Mn +2 
and Mn +4 and Mayers (1959) has done the same for 
some Fe series atoms. Simultaneously, one of us 
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(Watson, 1959) has calculated Har t ree -Fock  wave 
functions for the entire iron group series including 
atoms in m a n y  stages of ionization. These calculations 
used analyt ic  wave functions, i.e., a l inear combina- 
t ion of products of exponentials  and powers of r, wi th  
coefficients determined by  a Roothaan  (1951) SCF 28 Cu ÷ 

procedure. The electronic configurations were l imited Ni+ 
to the 3 d  n type  only (e.g., neutra l  iron with a 3d64s 2 26 Co* 

Fe ~ 
ground state is replaced by  a 3d s configuration). See 2~, M~ 
Watson  (1959) for more details about  the wave func- Cr ÷ 

t ions and  the accuracy of these calculations. 22 v + 
In  this paper  we are reporting on the calculation of Ti + 

a consistent set of atomic scattering factors for some 20 Sc + 
thir ty-f ive atoms and  ions of the iron group t ransi t ion 
series using Watson 's  (1959) wave functions. Included 18 
are argon core scattering functions and  complete 3d 

f 15 
atomic scattering functions, consisting of all  the  terms 
needed when the charge dis t r ibut ion is non-spherical  14 

(:Freeman, 1959a; Weiss & :Freeman, 1959). The 
numerical  computat ions were carried out on Whirl-  12 

wind I, the  MIT high speed computer,  using routines 
and techniques described earlier (Freeman, 1959a). As 10 
will be shown, the accuracy of the form factors agrees s 
digi tal ly with the few other such calculations available 
to date (Worsley, 1959; Piper, 1959). 6 
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Fig. 1. Atomic  scat ter ing factors  for the  neu t ra l  a toms  Sc 
th rough  Ni as a func t ion  of sin 0/~ i n /~ -z  units.  

Total  a tomic  scatter ing factors 

These are l isted in Table 1 as a function of sin 0/3, 
in /~-1 units. Indiv idual  one-electron t ransforms were 
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Fig. 2. Atomic  scat ter ing factors for the  ions Sc + th rough  
Cu + as a func t ion  of sin 0/A in A -1 units .  
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Fig. 3. Atomic  scat ter ing factors for the  ions So +2 th rough  
Cu +2 as a funct ion of sin 0/~l in A -1 units.  
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a l so  c o m p u t e d ,  b u t  t h e s e  a r e  n o t  l i s t e d  h e r e  b e c a u s e  

of  s p a c e  l i m i t a t i o n s . *  
S o m e  of  o u r  r e s u l t s  a r e  m o r e  c o n v e n i e n t l y  s u m -  

m a r i z e d  i n  t h e  a c c o m p a n y i n g  f i g u r e s  (cf. F i g s .  1 -3 ) .  
T h e s e  s h o w  t h e  t o t a l  s c a t t e r i n g  f a c t o r s  fo r  t h e  n e u t r a l ,  
s i n g l y  a n d  d o u b l y  i o n i z e d  a t o m s  t o  b e  s m o o t h  ' f a m -  
i l ies '  of  f u n c t i o n s  of  s in  0/~t a n d  Z ,  t h e  a t o m i c  n u m b e r .  

F o r  t h e  t r a n s i t i o n  e l e m e n t s  t h e r e  a r e  f e w  a t o m i c  
s c a t t e r i n g  f a c t o r s  a v a i l a b l e  t o  d a t e  w h i c h  h a v e  b e e n  
b a s e d  o n  H a r t r e e - F o c k  w a v e  f u n c t i o n s .  W o r s l e y  (1959) 
h a s  j u s t  p u b l i s h e d  a s c a t t e r i n g  f a c t o r  f o r  V +~ a n d  t h i s  
a g r e e s  e x a c t l y  w i t h  t h e  v a l u e s  w e  h a v e  g i v e n  in  T a b l e  1. 
R e c e n t l y  P i p e r  (1959) h a s  c a l c u l a t e d  a c c u r a t e  H a r t r e e -  
F o c k  a t o m i c  f o r m  f a c t o r s  fo r  F e  +8, Mn+~ a n d  M n  +a. 
Ore- f o r m  f a c t o r s  fo r  F e  +3 a n d  Mn+2 (cf. T a b l e  1) a g r e e  

* They  are available to interested persons on request.  

w i t h  t h o s e  of  P i p e r ' s  t o  t h e  n u m b e r  of  f i g u r e s  q u o t e d ,  
a g a i n  g i v i n g  a n  e x c e l l e n t  c h e c k  o n  t h e  a c c u r a c y  of  

o u r  c a l c u l a t i o n s .  
O u r  v a l u e s  f o r  F e  d o  n o t  a g r e e  c o m p l e t e l y  w i t h  

t h o s e  of  F r e e m a n  & W o o d  (1959),  w h o  u s e d  t h e  
H a r t r e e - F o c k - S l a t e r  w a v e  f u n c t i o n s  c a l c u l a t e d  b y  
W o o d  & P r a t t  (1957) (see F i g .  4). F o r  t h e  i n t e r m e d i a t e  
a n d  h i g h  a n g l e s ,  o u r  f o r m  f a c t o r s ,  a l t h o u g h  b a s e d  o n  
a d s c o n f i g u r a t i o n ,  s h o u l d  l e a d  t o  n o  d i f f e r e n c e s  f r o m  
t h e  W o o d  & P r a t t  3d64s 2 c o n f i g u r a t i o n .  T h e  o b s e r v e d  
d i f f e r e n c e s  i n  f o r m  f a c t o r s  i n d i c a t e  a r e a l  d i f f e r e n c e  
b e t w e e n  t h e  t w o  se t s  of  w a v e  f u n c t i o n s  a n d  in  f a c t  is 
p r o b a b l y  d u e  t o  t h e  S l a t e r  a p p r o x i m a t i o n  of  t r e a t i n g  
e x c h a n g e .  A l s o  s h o w n  in  F i g .  4 a r e  t h e  f o r m  f a c t o r s  
fo r  f o u r  o t h e r  i o n s  of  F e .  T h e s e  s h o w  t h e  u s u a l  ag ree -  
m e n t  fo r  l a r g e  s in  0/~ v a l u e s ,  as  h a s  b e e n  o b s e r v e d  

ea r l i e r .  

T a b l e  1. Atomic scattering factors for the iron-transition elements 

Sc Sc + Sc+2 Sc+3 Ti Ti + Ti+e Ti+a 

sin 0/2 f f f f f f f f 
0.00 21.00 20.00 19.00 18.00 22-00 21.00 20.00 19.00 
0.05 20.28 19-59 18.71 17.77 21.36 20.60 19.70 18.76 
0.10 18.72 18.50 17.88 17.11 19-86 19.52 18.86 18.09 
0.15 17.04 17.03 16.68 16.12 18.11 18-03 17.63 17.06 
0.20 15.39 15-43 15-27 14.92 16.36 16.39 16.19 15-82 
0.25 13.82 13.86 13.82 13.63 14.71 14.76 14-68 14.48 
0.30 12.39 12.43 12.44 12-38 13-20 13.25 13.25 13-16 
0.35 11.15 11.18 11.22 11.22 11.87 11.91 11.94 11.93 
0.40 10-12 10-13 10.18 10.22 10-74 10.77 10-82 10.84 
0.45 9-27 9.29 9.32 9.37 9-81 9.83 9-87 9-91 
0.50 8.60 8.61 8.64 8.68 9.05 9-06 9.10 9.14 
0.60 7-64 7.64 7.65 7-67 7.95 7.95 7.96 7-99 
0.70 6.98 6.98 6.98 6.98 7-21 7.21 7.21 7.22 
0.80 6.45 6.45 6.45 6-44 6.66 6-66 6.66 6.65 
0-90 5.96 5.96 5.96 5.96 6.19 6.18 6.18 6.18 
1.00 5.48 5.48 5.48 5.49 5-73 5-73 5.73 5.73 
1.10 5.00 5.00 5-01 5.02 5.28 5.28 5.28 5.29 
1.20 4.53 4.53 4.54 4.56 4.83 4.83 4.84 4.85 
1.30 4.09 4.09 4.10 4.12 4.40 4.40 4-41 4.42 
1.40 3.68 3.68 3.69 3.70 3.99 3.99 4.00 4.02 
1.50 3.31 3.31 3.32 3.33 3.62 3.62 3.62 3.64 

V V + V+2 V +3 Cr Cr + Cr +2 Cr +3 

sin 0/2 f f f f f f f f 

0.00 23.00 22.00 21.00 20.00 24.00 23.00 22.00 21.00 
0.05 22.42 21.61 20.70 19-76 23.45 22.62 21.70 20.76 
0.10 20.99 20.54 19.86 19.07 22-05 21.58 20.87 20-07 
0-15 19-22 19-05 18-62 18.03 20-26 20.10 19-62 19-02 
0.20 17.40 17-37 17.14 16.76 18.41 18.40 18.13 17.72 
0.25 15.66 15.69 15.60 15.37 16.62 16.68 16.55 16.30 
0.30 14.07 14.11 14.10 13.99 14.96 15.03 15.00 14.87 
0.35 12.65 12.69 12.72 12.69 13.46 13-53 13.55 13.50 
0.40 11-42 11.46 11.51 11.52 12-16 12.21 12.26 12.26 
0.45 10.40 10.42 10.47 10.51 11.04 11-08 11-13 11-16 
0.50 9.55 9.57 9.61 9.65 10-11 10-13 10.18 10.22 
0.60 8.30 8-31 8.32 8.36 8.70 8.71 8-74 8-77 
0.70 7-47 7.47 7.47 7.48 7.75 7.75 7-76 7.78 
0-80 6-87 6-87 6.86 6.87 7-09 7.09 7.09 7.09 
0.90 6.39 6.39 6.38 6-38 6.59 6.58 6.58 6.58 
1-00 5-95 5.95 5.95 5.95 6.15 6.14 6.14 6.14 
1.10 5.53 5.52 5.52 5.53 5.74 5.74 5.72 5-74 
1.20 5.10 5.10 5.11 5-11 5.34 5.34 5.34 5.34 
1.30 4.69 4.69 4.69 4-70 4-94 4.94 4.95 4.96 
1.40 4.28 4.29 4.29 4.30 4.55 4.55 4.56 4-57 
1.50 3.91 3.91 3.91 3.93 4.18 4.18 4.19 4.20 
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Table 1 (cont.) 
IM.n Mn + Mn +2 ~YIn +3 Fe  Fe  + Fe  +2 Fe+ 3 

sin O/it f f f f f f f f 
0.00 25.00 24.00 23.00 22.00 26.00 25.00 24.00 23-00 
0.05 24.48 23.63 22.71 21.76 25.50 24.64 23.71 22-76 
0.10 23.12 22.60 21.88 21.07 24-19 23.63 22.89 22.08 
0.15 21.35 21.12 20-65 20.02 22.42 22.16 21.66 21-07 
0.20 19.46 19.42 19-15 18.71 20.52 20.45 20-15 19.71 
0.25 17.62 17.65 17.53 17.26 18.63 18-66 18.51 18-24 
0.30 15.90 15-96 15.93 15.78 16-85 16-92 16-87 16-72 
0.35 14.33 14.39 14.42 14.35 15.22 15.29 15.30 15-24 
0.40 12.95 13.00 13.05 13.04 13-76 13.82 13.86 13.86 
0.45 11.74 11.78 11-84 11.86 12.48 12.53 12.58 12-61 
0.50 10-72 10.75 10.80 10.84 11.37 11-41 11-46 11-51 
0.60 9.15 9.17 9.19 9.23 9.64 9.67 9.69 9.74 
0.70 8.07 8.08 8.09 8.12 8.44 8.45 8.46 8.49 
0.80 7.33 7.33 7.33 7.34 7.60 7.60 7.60 7.61 
0.90 6.78 6.78 6.78 6-78 6.99 6.99 6-99 6-99 
1.00 6.33 6.33 6.33 6.32 6.52 6.52 6.51 6-51 
1.10 5-93 5.93 5.93 5.93 6.12 6-11 6-11 6-11 
1.20 5.55 5.55 5.55 5.55 5.74 5.74 5.74 5.74 
1-30 5.17 5-17 5.17 5-18 5.38 5-38 5-38 5-38 
1.40 4.80 4.80 4.80 4.81 5.02 5.02 5-03 5.03 
1.50 4-44 4.44 4.44 4.45 4-67 4.67 4.68 4.68 

F(~+ 4 

f 
22-00 
21.80 
21-22 
20-31 
19.15 
17-84 
16.46 
15.08 
13.78 
12-58 
11-51 

9-77 
8-52 
7-64 
7-00 
6.52 
6-11 
5-74 
5.38 
5.04 
4.69 

Co Co+ Co+S Co +3 Ni  Ni+ Ni+2 Ni+a 

sin 0/~ f f f f f f f f 
0.00 27.00 26.00 25-00 24.00 28.00 27.00 26-00 25.00 
0.05 26.53 25.65 24.72 23-77 27.55 26.66 25.72 24.77 
0.10 25.27 24.66 23.91 23.09 26.34 25-69 24-93 24.10 
0-15 23.54 23.20 22.68 22.04 24.63 24.26 23.71 23-05 
0.20 21-62 21.49 21.17 20.71 22.70 22.55 22.21 21-72 
0-25 19-70 19.67 19.52 19.23 20-74 20-72 20.54 20.22 
0.30 17.87 17.89 17.84 17.68 18.86 18.90 ]8-83 18.65 
0-35 16-17 16.21 16.22 16.15 17-11 17-17 17-17 17-08 
0.40 14.64 14.67 14.72 14.71 15.51 15.57 15.61 15.58 
0.45 13.28 13.30 13.36 13-39 14.08 14.13 14.18 14-20 
0.50 12.09 12.11 12.17 12.21 12.82 12.86 12.91 12.95 
0.60 10.20 10.21 10.25 10.29 10.78 10.80 10-84 10.88 
0-70 8.85 8.85 8.87 8.90 9-29 9.31 9.32 9.36 
0.80 7.90 7.91 7.91 7.92 8.23 8.24 8.25 8-26 
0.90 7.22 7.22 7.22 7.22 7-47 7.48 7-48 7.48 
1.00 6.71 6.71 6.71 6.70 6.91 6.91 6.91 6.90 
1.10 6.29 6.29 6.29 6.28 6.46 6.46 6.46 6.46 
1.20 5-91 5-91 5.91 5.91 6.08 6.08 6.08 6-08 
1-30 5.56 5.56 5.56 5.56 5.73 5.73 5-74 5.73 
1.40 5-22 5-22 5.22 5.23 5.40 5.40 5.40 5-41 
1.50 4 88 4.88 4.89 4.89 5.08 5.08 5-08 5-09 

Cu + Cu+2 Cu+S 

sin 0/~. f f f 
0"00 28.00 27.00 26.00 
0.05 27.67 26.73 25.77 
0.10 26.73 25-95 25.11 
0.15 25"32 24"75 24.07 
0.20 23.61 23.24 22.75 
0"25 21.78 21.57 21.24 

0.30 19.93 19.84 19.65 
0.35 18.15 18.14 18-05 
0.40 16-49 16-52 16.50 
0.45 14-99 15.04 15.06 
0.50 13.64 13.70 13.74 
0-60 11.43 11.47 11.53 
0.70 9.79 9-82 9.86 
0-80 8.61 8.62 8.64 
0-90 7.76 7.76 7-77 
1"00 7-13 7"13 7.13 
1.10 6.65 6.65 6.64 
1-20 6.25 6.25 6.24 
1-30 5.90 5.90 5.89 
1.40 5.57 5.57 5.57 
1.50 5-25 5.26 5.26 
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Fig. 4. Atomic  sca t te r ing  factors  for Fe, Fe  +, Fe  +s, Fe  +3 and  
Fe+a; the  x's denote  the  values for Fe  as calculated by  
Freeman & Wood (1959). 

For  Mn+~ and Mn+ our form factors agree with 
those of F reeman  (1959a) but  not  so well with his da ta  
for V +2, Ti+ and  Mn. This is to be expected since his 
calculations were based on the  use of Hart ree 's  (1956) 
interpolated set of wave functions for the argon core 
of Mn+% Forsy th  & Wells (1959) calculated a form 
factor for Ti+, using a Ti+2 (interpolated) core, which 
is in agreement  wi th  our present  values, bu t  which 
again shows deviat ions from Freeman ' s  (1959a) values. 
(In the next  section we discuss the question of the 
constancy of the argon core, so f requent ly  assumed 
bu t  never  proven). The interpolated form factors 
obtained by  Forsy th  & Wells (1959) from the Ti +, 
lVfn+~, and Cu + da ta  show fair ly  good agreement  with 
our values for V +2 and Cr+~. bu t  not for Co +2 and  Ni +2 
(in agreement  with their  predictions). 

Berghuis et al. (1955) and  Veenendaal ,  MacGil lavry 
et al. (1959) calculated form factors for Cr+2 and Co +~ 
respectively from SCF wave functions without  ex- 
change. Our values are everywhere greater t han  these 
values, which is the well known effect of the inclusion 
of exchange. These differences have a m a x i m u m  of 
about  0.5 electron units  (e.u.'s) in the region about  
sin 0/~t = 0.3. 

Argon core scattering functions 

For X- ray  measurements  of the outer electron charge 
distr ibutions,  as carried out by  Weiss & DeMarco 
(1958, 1959), Ba t t e rman  (1959a, b), and  K o m u r a  et al. 
(1959), i t  is impor tan t  to know accurate values of the 

argon core scattering function. (This is defined as the 
contr ibut ion to the total  scattering factor arising from 
the inner  e lec t rons- - Is  through 3p, inclusive.) Fur ther-  
more, m a n y  people have assumed tha t  the argon core 
scattering funct ion is fa i r ly  constant  with Z, the 
atomic number ,  and  independent  of degree of ioniza- 
tion. Since we have  computed the individual  one- 
electron t ransforms we are able to invest igate  these 
questions quant i ta t ively .  
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Fig. 5. Atomic  scat ter ing funct ions  for the  argon core of the 
neut ra l  a toms  Sc th rough  Ni. 

In  Fig. 5 we plot fzs, the argon core scattering 
function, for the neutra l  atoms Sc through Ni (the 
f ls 's  for the ionized atoms show the same behavior).  
As is readi ly  seen from Fig. 5 there is a large var ia t ion 
in the argon core scattering functions and  therefore 
the assumpt ion of constancy is in fact false. The 
values of f~s are given in Table 2, for the neutra l  
atoms. 

The var ia t ion in f is  with degree of ionization, how- 
ever, is found to be small  for all the atoms considered. 
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Table 2. Argon core scattering functions 

sin Ol2 Sc Ti V Cr Mn Fe Co Ni 
0.00 18.00 18.00 18.00 18.00 18.00 18.00 18-00 18.00 
0.05 17.75 17.78 17.81 17.83 17.85 17.86 17-87 17-88 
0.10 17.04 17.16 17.25 17.33 17.40 17•46 17.51 17-55 
0.15 15.99 16.21 16.40 16.57 16.70 16.82 16.93 17-02 
0.20 14.73 15.06 15.35 15.61 15.82 16.01 16.18 16.32 
0.25 13-41 13.83 14.20 14-54 14.83 15-09 15.32 15.52 
0.30 12.14 12.62 13.05 13.44 13.79 14-10 14.39 14.64 
0-35 11.01 11-50 11.95 12.38 12.77 13.12 13-45 13-74 
0.40 10.04 10.51 10.96 11.40 11.80 12.18 12-53 12.85 
0-45 9•24 9.68 10-10 10.52 10.93 11.31 11.67 12.00 
0.5 8.59 8.98 9.37 9.77 10.15 10.52 10-88 11.22 
0.6 7.65 7-95 8.26 8.58 8.91 9.23 9.56 9-87 
0-7 7-00 7-24 7.48 7.74 8.07 8-28 8.55 8-83 
0.8 6.47 6-69 6-91 7-13 7.35 7-57 7-81 8-04 
0.9 5.97 6-21 6.43 6.64 6.84 7.04 7.24 7-44 
1.0 5.49 5.75 5.99 6.20 6-40 6.59 6.78 6.96 
1.1 5.00 5.29 5.55 5.79 6.00 6-19 6.38 6-55 
1.2 4-54 4.84 5.13 5.38 5.61 5.81 6.01 6.19 
1.3 4.09 4.41 4.70 4.97 5.22 5.44 5.65 5.84 
1.4 3.68 4.00 4-30 4.58 4.84 5.08 5.30 5.50 
1.5 3.31 3.62 3.92 4.20 4.47 4.72 4.95 5-16 

Even  though  the  change in the  number  of outer  elec- 
trons is appreciable (4 for Fe, 3 for the others) the 
change is never more t h a n  0.2 e.u.'s (0.3 e.u.'s for Fe). 
Argon core t ransforms have  been calculated for all 
the  a toms and ions considered here, but  are not  
t abu la ted  in order to conserve space. 

F o r m  f ac to r s  for  t he  3 d - e l e c t r o n s  

The iron t rans i t ion  series elements have  many  im- 
po r t an t  physical  properties which are a t t r ibu tab le  to 
their  unfilled 3d shell• For this reason a great deal of 
theoret ical  and exper imental  work has centered on 
determining the electronic charge dis t r ibut ion of these 

• 3d electrons• Since the  form factor  is a direct measure 
of the  charge density,  accurate form factors are re- 
quired if accurate electronic charge dis tr ibut ions are 
to be determined• 

As has been s ta ted earlier, the polarized neut ron  
technique of Shull has a l ready been used to determine 
highly accurate form factors for the  spin densities of 
the unpaired 3d electrons in Fe, Co, Ni, and Fe3A1. 
Weiss & Freeman (1959) have shown tha t  the polarized 
neut ron  data,  when proper ly  analyzed, gave charge 
densities which showed deviat ions from spherical sym- 
metry.  They fur ther  showed t ha t  a theoret ical  analysis 
of the  effect of various crystal l ine environments  on 
non-spherical  charge dis tr ibut ions led to a determina- 

t ion of the  spat ial  symmet ry  of the outer  electrons• 
Since fur ther  neut ron  studies are a l ready underway 

(with more anticipated) and since there is continuing 
interest  in the  Weiss-DeMarco experiments (as de- 
scribed above), we have calculated the 3d t ransforms 
including the terms needed when the charge distribu- 
t ion is aspherical. As shown by  Freeman (1959a, b) 
the  basic t ransform of a one-electron wave function,  
yj~, given by 

f~ = I YJ~*~ exp [ i k . r ]dv  (1) 

can be wri t ten  as 

f~ = _,~ in(2n+ 1)C,,(l~m~; I~m~)(j~,} . (2) 
l i  

Where the  coefficients Cn (l~mi; limi) are integrals of 
products  of Legendre functions and ( j , )  symbolizes 
the  integral  

<J~) = I U~(r)jn(kr)dr . (3) 

Ui(r) is the  radial  charge densi ty  arising from yJ~*y~ 
and jn(kr) are the  spherical Bessel functions.  The 
usual spherical approximat ion  is to  replace (eq. 2) by  
the first term 

f U,(r) sin ~r/krdr. <job 

As shown earlier (Freeman, 1959a) there are three 
'principal '  one-electron t ransforms for d electrons in 
a free atom, as calculated from eq. (2)• These principal  
scattering factors (which are different l inear combina- 
t ions of the ( jn))  are needed to describe the  depen- 
dence of the  scattering on the  or ienta t ion of the  
scat tering vector,  k. 

The scattering from d electrons in various crystal-  
line environments  for the  actual  Bragg reflections, as 
discussed by Weiss & Freeman (1959), ma y  also be 
described in terms of the  principal  scattering factors.  
(Complete expressions may  be found in the reference 

cited.) We have calculated the (jn) for the 3d electrons 
of the t rans i t ion  series according to the  methods  
already described (Freeman, 1959a). They are l isted 
in Table 3. :No ( j2)  or ( j4)  terms are listed for d 5 
configurations since a half-closed shell is spherically 
symmetric ,  and its form factor is just  5 (jo). 

Unlike the  case for the  to ta l  scat tering funct ion,  
the  3d scattering funct ion is s trongly dependent  on 
the degree of ionization. This is i l lustrated in Fig. 6 
where the (j0) part of the t ransform, labeled fs~, is 
p lot ted for Fe and some of its ions• This has par t icular  
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sin o / ;~ 

0.00 
0 . 0 5  

0 . 1 0  

0 - 1 5  

0 . 2 0  

0 . 2 5  

0 . 3 0  

0 . 3 5  

0 . 4 0  

0 . 4 5  

0 . 5  
0 . 6  

0 .7  

0 -8  

0 . 9  

1 .0  

1.1 

Table 3. 3d Atomic scattering functions 

S c  S c +  

<Jo > ( J 2  > <J4 > ( J o  > <J2 > <J4 ) 

1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 - 8 4 2 1  0 - 0 5 9 1  0 . 0 0 2 8  0 . 9 1 9 6  0 . 0 3 1 3  0 . 0 0 0 6  

0 . 5 5 9 8  0 . 1 3 8 0  0 - 0 2 3 5  0 - 7 2 9 0  0 . 0 9 7 6  0 . 0 0 7 4  

0 . 3 5 0 1  - -  - -  0 . 5 2 0 5  - -  - -  

0 . 2 1 9 3  0 . 1 5 4 6  0 - 0 6 5 1  0 - 3 4 8 9  0 . 1 7 9 6  0 . 0 4 5 3  

0 . 1 3 6 4  - -  - -  0 . 2 2 4 5  - -  - -  

0 . 0 8 2 8  0 . 1 2 1 2  0 - 0 7 1 0  0 . 1 3 9 3  0 . 1 7 0 3  0 - 0 7 5 9  

0 . 0 4 8 2  - -  - -  0 . 0 8 2 6  - -  - -  

0 . 0 2 6 0  0 . 0 8 7 5  0 . 0 6 5 7  0 . 0 4 6 0  0 . 1 3 1 8  0 . 0 8 4 8  

0 . 0 1 2 3  - -  - -  0 . 0 2 2 8  - -  - -  

0 . 0 0 3 9  0 . 0 6 0 3  0 . 0 5 7 0  0 . 0 0 8 5  0 . 0 9 3 7  0 . 0 8 0 3  
- -  0 . 0 0 3 5  0 . 0 4 0 3  0 . 0 4 7 5  - -  0 . 0 0 4 9  0 - 0 6 4 l  0 - 0 6 9 8  

- -  0 . 0 0 5 I  0 . 0 2 6 5  0 . 0 3 8 4  - - 0 . 0 0 8 3  0 . 0 4 3 0  0 . 0 5 7 9  

- - 0 - 0 0 5 2  - -  - -  - -  0 . 0 0 8 3  - -  - -  

- - 0 . 0 0 3 8  0 . 0 1 1 4  0 . 0 2 4 0  - -  0 . 0 0 6 6  0 . 0 1 8 7  0 - 0 3 7 5  

- -  0 . 0 0 3 4  - -  - -  - - 0 . 0 0 5 4  - -  - -  

- - 0 . 0 0 1 4  0 . 0 0 4 1  0 . 0 1 5 6  - - 0 . 0 0 3 5  0 . 0 0 7 8  0 . 0 2 3 5  

S c  + 2  

A r 

<Jo> <J~> <h> 
1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 - 9 4 6 6  0 . 0 2 1 0  0 . 0 0 0 2  

0 - 8 0 6 9  0 . 0 7 2 7  0 - 0 0 3 2  

0 . 6 2 7 5  - -  - -  

0 . 4 5 3 0  0 . 1 7 3 2  0 . 0 2 8 9  

0 . 3 0 8 6  - -  - -  

0 . 2 0 0 3  0 . 1 9 5 0  0 . 0 6 6 2  

0 . 1 2 3 9  - -  - -  

0 . 0 7 1 9  0 . 1 6 5 4  0 . 0 8 8 4  

0 . 0 3 7 6  - -  - -  

0 . 0 1 5 7  0 . 1 2 4 1  0 . 0 9 2 4  

- - 0 - 0 0 5 5  0 " 0 8 7 5  0 " 0 8 5 7  
- -  0 " 0 1 1 4  0 . 0 5 9 6  0 " 0 7 4 3  

- -  0 - 0 1 1 3  - -  - -  

- -  0 " 0 0 9 3  0 " 0 2 6 2  0 " 0 5 0 1  

- -  0 . 0 0 7 2  - -  - -  

- -  0 . 0 0 5 2  0 . 0 1 1 3  0 . 0 3 1 6  

S o +  3 

A 

s i n  0 / ~  <Jo> <J2> <J4> 

0 - 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 0 5  0 . 9 5 5 4  0 . 0 1 7 6  0 . 0 0 0 1  

0 . 1 0  0 . 8 3 4 1  0 . 0 6 3 6  0 . 0 0 2 0  

0 . 1 5  0 . 6 6 7 6  - -  - -  
0 . 2 0  0 . 4 9 2 I  0 . 1 7 0 5  0 . 0 2 1 8  

0 . 2 5  0 . 3 3 5 6  - -  - -  
0 - 3 0  0 - 2 1 2 2  0 - 2 1 1 3  0 . 0 6 0 8  

0 . 3 5  0 - 1 2 3 9  - -  - -  
0 . 4 0  0 . 0 6 5 6  0 - 1 8 3 6  0 . 0 9 2 9  

0 . 4 5  0 . 0 2 9 5  - -  - -  
0 . 5  0 . 0 0 8 5  0 . 1 3 3 7  0 - 1 0 3 0  

0 . 6  - -  0 . 0 0 8 7  0 . 0 8 9 9  0 . 0 9 5 8  

0 . 7  - - 0 . 0 1 1 8  0 . 0 5 8 9  0 . 0 8 1 1  

0 . 8  - - 0 . 0 1 0 6  - -  - -  

0 . 9  - -  0 . 0 0 8 4  0 . 0 2 5 2  0 . 0 5 1 6  

1 .0  - -  0 . 0 0 6 5  - -  - -  
1.1 - - 0 . 0 0 4 9  0 . 0 1 1 2  0 . 0 3 1 4  

T i  

<Jo> <J2> <J4> 

1 " 0 0 0 0  0 " 0 0 0 0  0 " 0 0 0 0  

0 " 8 9 4 6  0 " 0 4 0 3  0 " 0 0 1 3  

0 " 6 7 6 1  0 " 1 0 9 5  0 " 0 1 3 0  

0 . 4 7 4 5  - -  - -  
0 . 3 2 4 7  0 . 1 6 3 7  0 . 0 5 1 1  

0 . 2 1 8 3  - -  - -  
0 . 1 4 3 6  0 . 1 5 0 1  0 . 0 6 9 8  

0 - 0 9 1 8  - -  - -  
0 . 0 5 6 3  0 . 1 1 9 9  0 . 0 7 3 9  

0 . 0 3 2 4  - -  - -  

0 - 0 1 6 5  0 . 0 8 9 4  0 . 0 7 0 2  
0 . 0 0 0 0  0 . 0 6 4 0  0 . 0 6 2 7  

- - 0 . 0 0 5 6  0 . 0 4 4 7  0 . 0 5 3 7  

- -  0 . 0 0 7 1  - -  - -  

- -  0 . 0 0 6 1  0 . 0 2 1 0  0 . 0 3 6 7  

- - 0 . 0 0 5 5  - -  - -  
- -  0 . 0 0 3 6  0 - 0 0 9 4  0 . 0 2 4 4  

T i  + 

<Jo> <J~> <J4> 
1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 9 3 8 4  0 . 0 2 4 1  0 . 0 0 0 4  

0 . 7 8 5 0  0 . 0 7 9 2  0 . 0 0 4 7  

0 . 6 0 2 0  - -  - -  

0 - 4 3 5 5  0 . 1 6 8 8  0 - 0 3 3 7  

0 . 3 0 2 4  - -  - -  
0 . 2 0 2 9  0 . 1 8 2 2  0 . 0 6 5 8  

0 . 1 3 1 5  - -  - -  
0 . 0 8 1 7  0 . 1 5 5 6  0 - 0 8 2 7  

0 . 0 4 7 7  - -  - -  
0 . 0 2 5 2  0 . 1 1 9 5  0 . 0 8 5 6  
0 . 0 0 1 3  0 - 0 8 7 0  0 " 0 7 9 9  

- -  0 . 0 0 7 5  0 . 0 6 1 5  0 . 0 7 0 1  

- -  0 . 0 0 9 7  - -  - -  

- -  0 . 0 0 8 9  0 . 0 2 9 5  0 . 0 4 9 2  

- - 0 . 0 0 7 6  - -  - -  
- -  0 - 0 0 5 7  0 . 0 1 3 7  0 . 0 3 2 7  

T i  +2 

sin 0/4 <Jo> <A> <J,> 
0 . 0 0  1 - 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 0 5  0 . 9 5 6 2  0 - 0 1 7 3  0 . 0 0 0 2  

0 . 1 0  0 . 8 3 9 1  0 . 0 6 1 2  0 . 0 0 2 3  

0 . 1 5  0 . 6 8 2 6  - -  - -  
0 - 2 0  0 . 5 2 1 6  0 . 1 5 7 5  0 . 0 2 1 9  

0 . 2 5  0 . 3 7 9 0  - -  - -  
0 . 3 0  0 . 2 6 4 2  0 . 1 9 5 1  0 . 0 5 5 2  

0 . 3 5  0 . 1 7 7 1  - -  - -  
0 . 4 0  0 . 1 1 3 5  0 - 1 8 0 8  0 . 0 8 0 8  

0 . 4 5  0 . 0 6 8 5  - -  - -  
0 . 5  0 . 0 3 7 5  0 . 1 4 6 4  0 - 0 9 1 6  

0 . 6  0 . 0 0 3 4  0 . 1 1 0 1  0 . 0 9 0 9  

0 . 7  - - 0 . 0 0 9 4  0 . 0 7 9 3  0 . 0 8 3 4  

0 . 8  - -  0 . 0 1 2 5  - -  - -  
0 .9  - -  0 . 0 1 1 7  0 . 0 3 8 2  0 . 0 6 1 4  

1 .0  - - 0 . 0 0 9 7  - -  - -  

1.1 - - 0 . 0 0 7 6  0 . 0 1 7 8  0 - 0 4 1 3  

Ti+3 

<Jo> <J2> <J,> 
1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 9 6 5 8  0 . 0 1 3 5  0 . 0 0 0 1  
0 . 8 7 1 3  0 . 0 4 9 7  0 . 0 0 1 3  

0 . 7 3 6 9  - -  - -  
0 . 5 8 7 4  0 . 1 4 3 3  0 . 0 1 4 7  

0 . 4 4 4 2  - -  - -  
0 . 3 2 0 4  0 . 1 9 8 6  0 . 0 4 4 4  

0 . 2 2 1 2  - -  - -  
0 . 1 4 6 0  0 . 1 9 8 4  0 . 0 7 5 2  

0 - 0 9 1 4  - -  - -  
0 - 0 5 2 9  0 . 1 6 7 7  0 . 0 9 3 4  

0 . 0 0 9 0  0 - 1 2 9 9  0 . 0 9 7 7  

- -  0 . 0 0 9 0  0 . 0 9 5 8  0 . 0 9 2 7  

- -  0 . 0 1 4 6  - -  - -  
- -  0 . 0 1 4 5  0 . 0 4 8 0  0 - 0 7 1 5  

- -  0 . 0 1 2 4  - -  - -  

- - 0 . 0 0 9 8  0 . 0 2 2 6  0 . 0 4 9 8  

V 

<Jo> 
1 . 0 0 0 0  

0 . 9 2 3 0  

0 . 7 4 7 9  

0 - 5 6 3 8  

0 . 4 1 0 4  

0 . 2 9 2 1  

0 . 2 0 3 6  

0 . 1 3 8 8  

0 . 0 9 1 9  
0 . 0 5 8 5  
0 . 0 3 5 0  
O . 0 0 8 0  

- -  0 . 0 0 3 4  

- -  0 . 0 0 7 6  

- -  0 . 0 0 7 9  

- -  0 . 0 0 7 5  

- -  0 . 0 0 5 8  

V + 
^ 

<Jo> ( J 2 )  < J 4 )  

1 . 0 0 0 0  0 - 0 0 0 0  0 . 0 0 0 0  

0 . 9 5 0 1  0 . 0 1 9 6  0 . 0 0 0 2  

0 . 8 2 1 6  0 . 0 6 6 8  0 . 0 0 3 3  

0 . 6 5 9 4  - -  - -  
0 . 5 0 1 8  0 . 1 5 6 7  0 . 0 2 6 1  

0 . 3 6 7 4  - -  - -  
0 . 2 6 0 7  0 . 1 8 5 1  0 . 0 5 6 8  

0 . 1 7 9 6  - -  - -  
0 . 1 1 9 8  0 . 1 7 0 3  0 - 0 7 7 8  

0 . 0 7 6 9  - -  - -  
0 . 0 4 6 6  0 - 1 3 9 2  0 . 0 8 6 1  

0 . 0 1 1 7  0 . 1 0 6 7  0 . 0 8 4 9  
- -  0 . 0 0 3 6  0 . 0 7 9 1  0 . 0 7 8 0  

- -  0 - 0 0 9 3  - -  - -  
- -  0 . 0 1 0 3  0 . 0 4 1 1  0 . 0 5 9 0  

- -  0 . 0 0 9 5  - -  

- -  0 . 0 0 7 9  0 . 0 2 0 6  0 . 0 4 1 4  

A C 1 4 - - 3  
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Table 3 (cont.) 
V +2 V +s C r  C r +  

^ ~ ^ 

s i n  O/X <Jo> <J2> < J , >  <Jo> < /2>  <J4> < / o >  <J2> < J , >  <Jo> 

0 - 0 0  1 - 0 0 0 0  0 - 0 0 0 0  0 . 0 0 0 0  1 - 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  1 - 0 0 0 0  0 - 0 0 0 0  0 - 0 0 0 0  1 . 0 0 0 0  
0 . 0 5  0 . 9 6 2 8  0 . 0 1 4 7  0 - 0 0 0 1  0 . 9 7 0 3  0 . 0 1 1 8  0 . 0 0 0 1  0 . 9 3 6 6  0 . 0 2 4 7  0 . 0 0 0 5  0 . 9 5 8 7  
0 . 1 0  0 . 8 6 1 8  0 . 0 5 2 9  0 . 0 0 1 7  0 . 8 8 7 3  0 . 0 4 3 7  0 . 0 0 1 0  0 . 7 8 5 8  0 . 0 7 7 3  0 . 0 0 5 7  0 . 8 4 9 5  
0 . 1 5  0 . 7 2 2 7  - -  - -  0 . 7 6 7 1  - -  - -  0 . 6 1 6 4  - -  - -  0 . 7 0 5 7  
0 . 2 0  0 . 5 7 3 8  0 . 1 4 4 2  0 . 0 1 7 3  0 . 6 3 0 1  0 . 1 3 0 6  0 . 0 1 1 8  0 . 4 6 7 1  0 . 1 5 3 2  0 . 0 3 3 2  0 . 5 5 8 5  
0 . 2 5  0 . 4 3 5 7  - -  - -  0 . 4 9 4 4  - -  - -  0 . 3 4 6 5  - -  - -  0 . 4 2 6 2  
0 . 3 0  0 . 3 1 8 9  0 . 1 9 1 2  0 . 0 4 6 9  0 . 3 7 2 5  0 . 1 9 0 5  0 . 0 3 7 5  0 . 2 5 2 6  0 . 1 6 8 3  0 . 0 5 8 2  0 - 3 1 5 8  
0 - 3 5  0 - 2 2 5 7  - -  - -  0 - 2 7 0 6  - -  - -  0 - 1 8 0 7  - -  - -  0 . 2 2 8 0  
0 . 4 0  0 . 1 5 4 3  0 . 1 8 9 0  0 - 0 7 3 4  0 . 1 8 9 6  0 . 2 0 1 4  0 . 0 6 6 8  0 - 1 2 6 6  0 . 1 5 3 7  0 . 0 7 2 0  0 . 1 6 0 3  
0 . 4 5  0 - 1 0 1 1  - -  - -  0 - 1 2 7 7  - -  ~ 0 . 0 8 6 3  - -  - -  0 . 1 0 9 4  
0 . 5  0 . 0 6 2 5  0 . 1 6 2 1  0 . 0 8 8 3  0 . 0 8 1 9  0 . 1 8 0 0  0 . 0 8 7 5  0 . 0 5 6 6  0 . 1 2 8 6  0 - 0 7 6 9  0 - 0 7 2 0  
0 . 6  0 . 0 1 6 5  0 - 1 2 8 4  0 . 0 9 2 3  0 . 0 2 5 3  0 . 1 4 6 8  0 . 0 9 6 2  0 . 0 1 9 8  0 . 1 0 2 2  0 . 0 7 5 7  0 - 0 2 5 7  
0-7  - -  0 - 0 0 4 0  0 - 0 9 6 8  0 . 0 8 8 5  - -  0 - 0 0 1 7  0 . 1 1 3 4  0 . 0 9 5 4  0 . 0 0 1 9  0 . 0 7 8 3  0 . 0 7 0 7  0 . 0 0 3 0  
0-8  - - 0 . 0 1 1 4  - -  - -  - - 0 - 0 1 2 5  - -  - -  - -  0 . 0 0 6 0  - -  - -  - -  0 . 0 0 7 0  
0 . 9  - - 0 . 0 1 2 7  0 . 0 5 0 7  0 . 0 7 0 2  - - 0 . 0 1 5 3  0 . 0 6 1 7  0 . 0 7 9 3  - - 0 - 0 0 8 4  0 . 0 4 3 2  0 . 0 5 5 9  - -  0 . 0 1 0 4  
1-0 - - 0 . 0 1 1 6  - -  - -  - - 0 - 0 1 4 4  - -  - -  - -  0 " 0 0 8 8  - -  - -  - -  0 . 0 1 0 9  
1-1 - - 0 " 0 0 9 7  0 - 0 2 5 3  0 - 0 5 0 0  - - 0 . 0 1 2 2  0 " 0 3 1 2  0 . 0 5 8 6  - -  0 " 0 0 7 5  0 . 0 2 2 8  0 . 0 4 0 9  - -  0 " 0 0 9 7  

sin OUt 
0 - 0 0  
0 . 0 5  
0 . 1 0  
0 . 1 5  
0 . 2 0  
0 . 2 5  
0 . 3 0  
0 . 3 5  
0 . 4 0  
0 . 4 5  

0 . 5  
0 -6  
0 .7  
0 . 8  
0 -9  
1 .0  
1-1 

C r  +2 Cr+a  M_n 

<Jo > </2  > <J4 > <Jo > <Je > <Ja > <Jo > <J2 > 

1 " 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 - 0 0 0 0  1 . 0 0 0 0  0 " 0 0 0 0  
0 . 9 6 7 9  0 . 0 1 2 7  0 " 0 0 0 1  0 . 9 7 3 8  0 . 0 1 0 4  0 . 0 0 0 1  0 . 9 4 7 5  0 . 0 2 0 5  
0 . 8 7 9 7  0 . 0 4 6 3  0 " 0 0 1 3  0 " 9 0 0 0  0 " 0 3 8 9  0 . 0 0 0 8  0 . 8 1 7 8  0 . 0 6 6 9  
0 - 7 5 5 2  - -  - -  0 . 7 9 1 7  - -  - -  0 " 6 6 3 5  
0 . 6 1 7 7  0 " 1 3 2 1  0 - 0 1 3 9  0 . 6 6 5 5  0 - 1 1 9 7  0 . 0 0 9 7  0 . 5 1 9 8  0 " 1 4 4 9  
0 - 4 8 5 4  - -  - -  0 " 5 3 7 2  - -  ~ 0 " 3 9 8 6  - -  
0 " 3 6 8 9  0 " 1 8 5 2  0 " 0 3 9 9  0 " 4 1 8 4  0 . 1 8 1 9  0 . 0 3 1 9  0 " 3 0 0 8  0 " 1 6 9 3  
0 . 2 7 2 3  - -  - -  0 . 3 1 5 6  - -  - -  0 . 2 2 3 3  - -  
0 . 1 9 5 2  0 " 1 9 3 1  0 " 0 6 6 3  0 " 2 3 0 9  0 " 2 0 1 4  0 " 0 5 9 5  0 . 1 6 3 0  0 . 1 6 2 4  
0 . 1 3 5 5  - -  - -  0 " 1 6 3 8  - -  ~ 0 - 1 1 6 5  - -  

0 " 0 9 0 4  0 " 1 7 3 9  0 " 0 8 3 9  0 " 1 1 2 0  0 " 1 8 8 4  0 " 0 8 1 5  0 " 0 8 1 1  0 " 1 4 1 8  
0 - 0 3 3 0  0 - 1 4 3 9  0 - 0 9 1 5  0 - 0 4 4 2  0 - 1 6 0 3  0 - 0 9 3 3  0 - 0 3 4 7  0 " 1 1 7 1  
0 . 0 0 4 3  0 " 1 1 3 0  0 " 0 9 1 2  0 " 0 0 8 6  0 " 1 2 8 8  0 " 0 9 6 0  0 . 0 0 9 8  0 " 0 9 3 3  

- - 0 - 0 0 8 2  - -  - -  - - 0 " 0 0 8 0  - -  - -  - -  0 " 0 0 2 5  - -  
- - 0 " 0 1 2 4  0 " 0 6 3 7  0 " 0 7 7 2  - - 0 " 0 1 4 3  0 " 0 7 5 2  0 " 0 8 5 1  - -  0 - 0 0 7 7  0 " 0 5 5 1  
- - 0 . 0 1 2 7  - -  - -  - -  0 - 0 1 5 4  - -  ~ - -  0 - 0 0 9 4  - -  
- - 0 . 0 1 1 4  0 " 0 3 3 9  0 " 0 5 8 0  - -  0 " 0 1 4 0  0 " 0 4 0 6  0 " 0 6 6 2  - -  0 - 0 0 8 9  0 " 0 3 0 8  

<J,> 
0 . 0 0 0 0  
0 . 0 0 0 3  
0 - 0 0 4 1  

0 - 0 2 7 3  

0 . 0 5 2 3  

0.0684 

0"0762 
0"0777 
0.0749 

0"0628 

0.0483 

~ _ n +  ]Vln+2 ~{n+3 
A ^ 

sin 0/2 (Jo> <J2> (J4> <Jo> (Jo> ( J 2 >  <J4> <Jo> 

0 - 0 0  1 " 0 0 0 0  0 " 0 0 0 0  0 " 0 0 0 0  1 " 0 0 0 0  1 " 0 0 0 0  0 " 0 0 0 0  0 " 0 0 0 0  1 " 0 0 0 0  
0 - 0 5  0 - 9 6 3 8  0 " 0 1 4 3  0 " 0 0 0 1  0 . 9 7 2 0  0 . 9 7 6 6  0 - 0 0 9 3  0 " 0 0 0 0  0 " 9 5 5 3  
0"10  0 " 8 6 6 6  0 " 0 5 0 8  0 " 0 0 1 8  0 " 8 9 4 3  0 " 9 1 0 5  0 " 0 3 4 9  0 " 0 0 0 7  0 " 8 4 1 5  
0"15  0 " 7 3 5 4  - -  - -  0 " 7 8 2 6  0 " 8 1 2 3  - -  - -  0 " 7 0 0 1  
0"20  0 - 5 9 7 0  0 " 1 3 4 6  0 " 0 1 7 1  0 " 6 5 5 8  0 " 6 9 5 8  0 " 1 1 0 1  0 " 0 0 8 0  0 " 5 6 2 8  

0"25  0 " 4 6 8 8  - -  - -  0 " 5 2 9 9  0 " 5 7 4 8  - -  - -  0 " 4 4 2 9  
0"30  0 " 3 5 8 7  0 " 1 7 9 1  0 - 0 4 3 1  0 " 4 1 5 3  0 " 4 5 9 7  0 " 1 7 3 3  0 " 0 2 7 4  0 " 3 4 3 3  
0"35  0 " 2 6 8 3  - -  - -  0 " 3 1 6 9  0 " 3 5 7 3  - -  - -  0 " 2 6 2 3  
0"40  0 - 1 9 6 4  0 " 1 8 2 9  0 " 0 6 6 2  0 " 2 3 5 8  0 " 2 7 0 4  0 " 1 9 9 5  0 " 0 5 3 0  0 " 1 9 7 6  
0"45  0 " 1 4 0 6  - -  - -  0 " 1 7 0 9  0 ' 1 9 9 4  - -  - -  0 " 1 4 6 4  
0-5  0 - 0 9 8 0  0 - 1 6 4 2  0 - 0 8 0 6  0 - 1 2 0 2  0 " 1 4 2 9  0 " 1 9 3 9  0 - 0 7 5 5  0 - 1 0 6 3  
0"6 0 - 0 4 2 4  0 - 1 3 7 0  0 " 0 8 6 3  0 " 0 5 2 2  0 " 0 6 5 2  0 " 1 7 1 1  0 - 0 8 9 6  0 " 0 5 1 4  
0"7 0 " 0 1 2 6  0 " 1 0 9 6  0 " 0 8 5 3  0 . 0 1 5 3  0 " 0 2 1 4  0 " 1 4 2 2  0 " 0 9 5 3  0 " 0 1 9 9  
0"8 - -  0 - 0 0 2 2  - -  - -  - - 0 " 0 0 2 9  - -  0 ' 0 0 1 3  - -  - -  0 - 0 0 2 8  
0"9 - - 0 " 0 0 8 8  0 " 0 6 5 4  0 " 0 7 2 7  - -  0 . 0 1 0 6  - -  0 " 0 1 1 7  0 " 0 8 8 3  0 " 0 8 9 2  - -  0 " 0 0 5 5  
1-0 - - 0 " 0 1 1 0  - -  - -  - -  0 " 0 1 3 0  - -  0 "0151  - -  - -  - -  0 " 0 0 9 1  
1"1 - - 0 " 0 1 0 9  0 " 0 3 7 1  0 " 0 5 6 4  - -  0 " 0 1 2 7  - -  0 " 0 1 5 1  0 " 0 5 0 4  0 " 0 7 2 7  - -  0 " 0 0 9 7  

F o  

^ 

0 . 0 0 0 0  0 . 0 0 0 0  
0 - 0 1 7 6  0 " 0 0 0 2  
0 . 0 5 9 0  0 . 0 0 3 1  

0 " 1 5 6 7  0 " 0 2 2 8  

0 . 1 6 7 9  0 . 0 4 7 1  

0 . 1 6 7 3  0 . 0 6 4 6  

0 . 1 5 1 2  0 . 0 7 4 3  
0 - 1 2 9 1  0 . 0 7 8 0  
0 . 1 0 6 1  0 . 0 7 7 2  

0 . 0 6 6 5  0 . 0 6 8 0  

0 . 0 3 9 2  0 . 0 5 4 6  



R .  E .  W A T S O N  A N D  A .  J .  F R E E M A N  3 5  

F e  + 

r 

s i n  O/A <Jo > <J~ > 

0 . 0 0  1 . 0 0 0 0  0 . 0 0 0 0  
0 . 0 5  0 . 9 6 8 1  0 . 0 1 2 6  
0 - 1 0  0 . 8 8 1 7  0 . 0 4 5 3  

0 . 1 5  0 . 7 6 2 2  - -  
0 . 2 0  0 . 6 3 2 5  0 . 1 2 5 1  
0 - 2 5  0 . 5 0 8 9  - -  
0 . 3 0  0 . 3 9 9 8  0 . 1 7 3 8  

0 . 3 5  0 . 3 0 7 7  - -  
0 . 4 0  0 . 2 3 2 5  0 . 1 8 4 4  

0 . 4 5  0 . 1 7 2 4  - -  

0 . 5  0 . 1 2 5 2  0 . 1 7 1 5  
0 - 6  0 . 0 6 0 9  0 . 1 4 8 0  
0 . 7  0 . 0 2 4 2  0 . 1 2 2 1  
0 . 8  0 . 0 0 4 3  - -  
0"9  - -  0 . 0 0 5 7  0 . 0 7 7 1  
1 . 0  - - 0 . 0 1 0 2  - -  
1 .1  - - 0 . 0 1 1 4  0 - 0 4 6 0  

T a b l e  3 (cont.) 
F e  +2  F e  +3  

^ 

<A> <Jo> <A> <A> <Jo> 
0 . 0 0 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  1 . 0 0 0 0  

0 . 0 0 0 1  0 . 9 7 4 8  0 . 0 1 0 0  0 . 0 0 0 1  0 - 9 7 9 1  
0 . 0 0 1 4  0 . 9 0 4 3  0 . 0 3 7 2  0 . 0 0 0 8  0 . 9 1 9 6  

- -  0 . 8 0 1 5  - -  - -  0 . 8 3 8 2  
0 . 0 1 4 2  0 . 6 8 2 8  0 . 1 1 2 8  0 . 0 0 9 5  0 . 7 2 2 6  

- -  0 . 5 6 2 5  - -  - -  0 . 6 0 8 6  
0 . 0 3 7 9  0 . 4 5 0 7  0 . 1 7 1 2  0 . 0 3 0 0  0 . 4 9 7 8  

- -  0 . 3 5 2 4  - -  - -  0 . 3 9 6 8  

0 . 0 6 0 8  0 . 2 6 9 6  0 . 1 9 3 0  0 . 0 5 4 3  0 . 3 0 8 8  
- -  0 . 2 0 1 8  - -  - -  0 . 2 3 4 9  

0 . 0 7 6 7  0 . 1 4 7 5  0 . 1 8 6 7  0 . 0 7 4 2  0 . 1 7 4 5  

0 . 0 8 4 7  0 . 0 7 1 9  0 . 1 6 5 4  0 . 0 8 6 5  0 . 0 8 8 1  

0 . 0 8 6 2  0 . 0 2 8 2  0 . 1 3 8 6  0 . 0 9 1 4  0 . 0 3 6 3  
- -  0 . 0 0 4 7  - -  - -  0 . 0 0 7 4  

0 . 0 7 7 2  - -  0 . 0 0 6 8  0 . 0 8 8 1  0 - 0 8 5 8  - -  0 . 0 0 7 4  
- -  - -  0 - 0 1 1 6  - -  - -  - -  0 - 0 1 3 7  

0 . 0 6 2 3  - -  0 . 0 1 2 8  0 - 0 5 2 3  0 . 0 7 0 5  - -  0 - 0 1 5 4  

^ 

<Jo> <A> <J,> 
1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 9 8 1 8  0 . 0 0 7 2  0 - 0 0 0 0  
0 . 9 2 9 4  0 . 0 2 7 7  0 . 0 0 0 4  

0 ; 8 4 9 4  - -  - -  
0 . 7 5 0 7  0 . 0 9 2 5  0 " 0 0 5 1  
0 . 6 4 2 9  - -  - -  
0 . 5 3 4 9  0 - 1 5 7 3  0 - 0 1 9 1  

0 . 4 3 3 3  - -  - -  

0 . 3 4 2 3  0 . 1 9 5 9  0 . 0 4 1 1  
0 . 2 6 4 1  ~ - -  

0 . 1 9 8 8  0 . 2 0 4 1  0 . 0 6 4 5  
0 - 1 0 3 6  0 . 1 9 0 6  0 . 0 8 3 0  

0 . 0 4 5 2  0 . 1 6 6 1  0 . 0 9 4 1  
0 . 0 1 1 6  - -  - -  
0 . 0 0 6 1  0 . 1 1 1 9  0 . 0 9 6 6  
0 - 0 1 4 3  ~ - -  
0 . 0 1 7 0  0 . 0 6 8 7  0 . 0 8 4 2  

C o  

s i n  0 / A  < J o )  <J2>  

o.oo 1.oooo o.oooo 
0 . 0 5  0 . 9 6 1 9  0 . 0 1 5 0  

0 . 1 0  0 . 8 6 2 7  0 . 0 5 1 6  

0 . 1 5  0 . 7 3 4 5  - -  

0 . 2 0  0 . 6 0 4 6  0 . 1 2 7 7  
0 . 2 5  0 . 4 8 7 2  - -  

0 . 3 0  0 - 3 8 6 6  0 . 1 6 5 1  
0 . 3 5  0 . 3 0 2 8  - -  
0 . 4 0  0 . 2 3 4 1  0 . 1 7 1 0  
0 . 4 5  0 . 1 7 8 5  - -  
0 . 5  0 . 1 3 4 0  0 . 1 5 9 6  
0 . 6  0 . 0 7 0 8  0 . 1 4 0 4  
0 . 7  0 . 0 3 2 5  0 . 1 1 8 7  

0 - 8  0 . 0 1 0 2  - -  
0 . 9  - - 0 . 0 0 1 8  0 . 0 7 8 5  

1 . 0  - -  0 . 0 0 7 7  - -  
1-1  - -  0 . 0 0 9 9  0 - 0 4 8 6  

C o  + 
^ 

<J,> <A> <A> <A> 
0 . 0 0 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 - 0 0 0 0  
0 . 0 0 0 2  0 . 9 7 1 6  0 . 0 1 1 2  0 . 0 0 0 1  

0 . 0 0 2 3  0 . 8 9 3 8  0 . 0 4 0 9  0 . 0 0 1 2  

- -  0 . 7 8 4 2  - -  - -  

0 - 0 1 8 7  0 . 6 6 2 6  0 . 1 1 6 8  0 . 0 1 2 0  

- -  0 . 5 4 3 8  - -  - -  
0 . 0 4 1 8  0 . 4 3 6 4  0 . 1 6 8 0  0 . 0 3 3 6  

- -  0 . 3 4 3 8  - -  - -  
0 . 0 6 0 2  0 . 2 6 6 4  0 . 1 8 4 2  0 . 0 5 6 0  

- -  0 . 2 0 3 1  - -  - -  
0 . 0 7 1 8  0 . 1 5 2 3  0 - 1 7 6 5  0 . 0 7 2 8  
0 . 0 7 7 6  0 . 0 8 0 5  0 . 1 5 6 7  0 - 0 8 2 5  
0 . 0 7 8 8  0 . 0 3 7 3  0 . 1 3 2 8  0 - 0 8 5 9  

- -  0 . 0 1 2 3  - -  - -  

0 . 0 7 2 5  - -  0 . 0 0 1 3  0 - 0 8 8 0  0 . 0 8 0 3  
- -  - -  0 . 0 0 8 2  - -  - -  

0 . 0 6 0 6  - -  0 . 0 1 1 0  0 . 0 5 4 9  0 " 0 6 7 3  

C o  +2  

< J o }  < J e }  < h )  

1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  
0 . 9 7 7 3  0 . 0 0 9 0  0 - 0 0 0 0  

0 . 9 1 3 4  0 . 0 3 3 7  0 . 0 0 0 7  
0 . 8 1 9 3  - -  - -  

0 . 7 0 8 6  0 . 1 0 4 8  0 . 0 0 8 1  
0 . 5 9 4 2  - -  - -  

0 . 4 8 5 6  0 . 1 6 3 9  0 . 0 2 6 2  
0 . 3 8 8 1  - -  - -  
0 . 3 0 4 1  0 . 1 9 0 6  0 . 0 4 9 3  
0 . 2 3 3 8  ~ - -  
0 . 1 7 6 3  0 . 1 8 9 8  0 . 0 6 9 4  
0 - 0 9 3 4  0 . 1 7 2 9  0 . 0 8 3 1  
0 . 0 4 2 9  0 . 1 4 8 7  0 . 0 9 0 0  
0 . 0 1 3 9  - -  

- -  0 . 0 0 1 6  0 . 0 9 9 4  0 . 0 8 8 2  
- -  0 . 0 0 9 2  - -  - -  

- -  0 . 0 1 2 2  0 . 0 6 1 8  0 . 0 7 5 2  

s i n  0 / ; t  

0 . 0 0  
0 . 0 5  
0 . 1 0  
0 - 1 5  
0 . 2 0  
0 . 2 5  
0 . 3 0  
0 . 3 5  
0 - 4 0  
0 . 4 5  

0 . 5  
0 . 6  
0 . 7  
0 - 8  

0 . 9  
1 . 0  

1 .1  

C o  +3  

< J o )  < J ~ )  <J4>  

1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  
0 . 9 8 0 9  0 . 0 0 7 6  0 . 0 0 0 0  
0 . 9 2 6 3  0 . 0 2 8 8  0 . 0 0 0 4  

0 . 8 4 3 7  - -  - -  
0 . 7 4 3 1  0 . 0 9 4 5  0 " 0 0 5 8  

0 . 6 3 4 9  - -  - -  
0 . 5 2 8 0  0 . 1 5 7 1  0 . 0 2 0 7  

0 . 4 2 8 8  - -  - -  
0 . 3 4 0 8  0 . 1 9 2 1  0 . 0 4 2 7  

0 . 2 6 5 4  - -  - -  
0 . 2 0 2 5  0 - 1 9 8 4  0 . 0 6 4 7  
0 - 1 1 0 0  0 . 1 8 5 3  0 - 0 8 1 4  
0 . 0 5 2 0  0 . 1 6 2 5  0 . 0 9 1 1  

0 . 0 1 7 7  - -  - -  
0 . 0 0 1 2  0 . 1 1 1 7  0 - 0 9 3 4  

0 - 0 1 0 6  - -  - -  
0 . 0 1 4 3  0 . 0 7 0 2  0 . 0 8 2 2  

N i  
^ r 

<Jo>  <J2>  <J4>  

1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 - 9 6 7 0  0 . 0 1 3 0  0 . 0 0 0 1  
0 . 8 7 9 1  0 . 0 4 5 9  0 . 0 0 1 7  

0 . 7 6 1 5  - -  - -  
0 . 6 3 7 9  0 . 1 2 0 3  0 - 0 1 5 5  
0 . 5 2 2 8  - -  - -  
0 . 4 2 2 0  0 . 1 6 2 2  0 . 0 3 7 5  
0 . 3 3 6 7  - -  - -  
0 . 2 6 5 7  0 . 1 7 2 5  0 - 0 5 6 7  
0 . 2 0 7 4  - -  - -  
0 . 1 5 9 9  0 . 1 6 4 6  0 . 0 6 9 6  
0 . 0 9 0 6  0 . 1 4 8 0  0 . 0 7 6 6  
0 . 0 4 6 5  0 . 1 2 8 2  0 . 0 7 9 0  
0 . 0 1 9 3  - -  - -  
0 . 0 0 3 5  0 . 0 8 9 0  0 . 0 7 5 1  

- -  0 - 0 0 5 2  - -  - -  
- -  0 . 0 0 9 2  0 - 0 5 7 7  0 . 0 6 5 0  

N i +  

<Jo> <A> <A> 
1 - 0 0 0 0  0 - 0 0 0 0  0 - 0 0 0 0  
0 . 9 7 4 7  0 . 0 1 0 0  0 . 0 0 0 1  
0 . 9 0 4 7  0 . 0 3 6 8  0 - 0 0 0 9  
0 . 8 0 4 4  - -  - -  

0 . 6 9 0 7  0 - 1 0 8 6  0 - 0 1 0 1  
0 . 5 7 7 1  - -  - -  
0 - 4 7 2 1  0 - 1 6 1 7  0 . 0 2 9 5  
0 . 3 7 9 5  - -  - -  

0 - 3 0 0 5  0 - 1 8 2 9  0 . 0 5 1 1  
0 . 2 3 4 6  - -  - -  

0 . 1 8 0 5  0 . 1 8 0 3  0 . 0 6 8 6  
0 . 1 0 1 7  0 . 1 6 4 3  0 . 0 7 9 8  
0 . 0 5 2 2  0 . 1 4 2 7  0 . 0 8 5 1  
0 . 0 2 2 1  - -  

0 . 0 0 4 6  0 . 0 9 8 9  0 . 0 8 2 8  
- -  0 . 0 0 5 0  - -  - -  

- -  0 . 0 0 9 8  0 . 0 6 4 3  0 . 0 7 1 8  
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Table 3 (cont.) 
N i + 2  N i  +3 

s~ 0/4 (Jo> (J~> (J,> (Jo> (J~> (J,> 
0 . 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0  

0 . 0 5  0 . 9 7 9 5  0 . 0 0 8 2  0 . 0 0 0 0  0 . 9 8 2 5  0 . 0 0 6 9  0 . 0 0 0 0  
0 - 1 0  0 . 9 2 1 4  0 . 0 3 0 7  0 . 0 0 0 6  0 . 9 3 2 5  0 . 0 2 6 5  0 . 0 0 0 4  

0"15 0 " 8 3 4 8  - -  - -  0 "8561  - -  - -  
0"20  0 " 7 3 1 5  0 " 0 9 7 5  0 " 0 0 6 8  0"7621  0 - 0 8 8 1  0 " 0 0 4 9  

0"25  0 . 6 2 2 9  - -  - -  0 " 6 5 9 6  - -  - -  
0"30  0 " 5 1 7 8  0 " 1 5 6 7  0 " 0 2 3 0  0 " 5 5 6 9  0 " 1 4 9 6  0 " 0 1 8 2  

0"35 0 " 4 2 1 6  - -  - -  0 - 4 5 9 9  - -  - -  
0"40  0 - 3 3 7 2  0 " 1 8 7 3  0 " 0 4 4 6  0 . 3 7 2 3  0 " 1 8 7 5  0 " 0 3 8 6  

0"45 0 " 2 6 5 1  - -  - -  0 " 2 9 5 9  - -  - -  
0"5 0 " 2 0 5 0  0 " 1 9 1 5  0 " 0 6 4 7  0 " 2 3 1 1  0 " 1 9 8 4  0 " 0 5 9 9  

0"6 0 " 1 1 5 8  0 " 1 7 8 8  0 " 0 7 9 5  0 " 1 3 2 9  0 " 1 8 9 6  0 " 0 7 7 2  

0"7 0 " 0 5 9 0  0 " 1 5 7 5  0 " 0 8 8 0  0 " 0 6 8 9  0"1701  0 " 0 8 8 4  

0"8 0 " 0 2 4 6  - -  - -  0 " 0 2 9 3  - -  - -  
0 -9  0 - 0 0 4 9  0 . 1 1 0 1  0 - 0 8 9 7  0 - 0 0 6 1  0 - 1 2 1 9  0 - 0 9 4 0  

1"0 - -  0 " 0 0 5 6  - -  - -  - - 0 . 0 0 6 4  - -  - -  
1.1 - - 0 . 0 1 0 7  0 . 0 7 1 3  0 " 0 7 9 2  - - 0 . 0 1 2 4  0 - 0 7 9 8  0 . 0 8 5 5  

1.0 

0.8 

Fe " ~  

. . . . .  Fe  + 5  

. . . .  Fe  + 2  

. . . . . . . . . . .  F e  + 

Fe 

0"6 

f 3 d  

0"4 

0"~ 

- 0 - 1  I I I 1 I I I I I I I I I I I 
0 I 0.5 1-0 1-5 

sin 8 

Fig. 6. Spherical park of the 3d transforms for Fe, Fe*, Fe *~, 
F e  +3 a n d  F e  +4. 

importance for the experiments  ment ioned above, 
especially for the X-ray  determinat ions  of the number  
of outer electrons in metals,  since the use of an in- 
correct f3a (i.e., one based on the wrong number  of 
electrons) would alter the 'count ' .  This implies tha t  
one mus t  know the number  of 3d electrons to begin 
with in order to use the correct form factor to deter- 
mine the number  of 3d electrons (the '3d count'). The 
difficulty in such a si tuat ion is obvious, but  is one 

which m a y  be resolved by  some self-consistent proce- 
dure. In  any  event, the results i l lustrated in Fig. 6 
point  out another  one of the difficulties involved in 
this type  of experiment.  In  all cases, accurate 3d trans- 
forms are essential. 

Note added in Proof. Dr B. W. Ba t t e rman  has called 
to our at tent ion following, for which we are grateful. 
Of the measurable X-ray  scattering factors for iron, 
the one corresponding to the lowest order Bragg re- 
flection, the (110) at  sin O/2=0.247 should be most  
sensitive to the distr ibution of 3d electrons whereas 
the calculated form factor at sin 0/~=0.25 is surpris- 
ingly insensitive to the number  of 3d electrons in the 
atom. I n  fact, the form factor is actual ly smaller for 
an atom with eight (3d)electrons than  for one with 
seven (3d) electrons. If  these results are applicable to 
atoms in the solid, it  means tha t  an X-ray measure- 
ment  cannot unambiguously determine the 3d con- 
figuration of iron in the range 3d s to 3d 5, and  would 
be fairly insensitive down to 3d 4. Wi th  reasonable 
experimental  error one could not determine by  X-ray  
measurements  whether iron had from five to eight 
electrons in 3d like orbits and could just, outside of 
error, resolve a 3d 4 configuration from this range. The 
peculiar behavior of the form factor in these calcula- 
tions is not a result of an appreciable change in the  
argon core electron distr ibution but  is due to the 
change in the charge distribution 0f e~ch 3d dcctron 
with degree of ionization. A similar behavior of the 
form factor as a function of ionization has been re- 
ported by  Thomas and Umeda  (1957) who used the 
statistical TFD method. However, one cannot readily 
ascertain from their  results whether it is only the 
wave functions of the 3d electrons which vary  with 
ionization, or if the change is distr ibuted throughout  
all the electrons of the atom. 

We are pleased to thank  Mrs Anna  Hansen  and Mrs 
Athena Harvey  of the Materials Research Labora tory  
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for thei r  help with the  computa t ions  and Dr James  
Ibers for helpful correspondence and suggestions. 
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The Thermal  Vibrations in Diketopiperazine 
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An analysis of the anisotropic atomic thermal parameters obtained by Degeilh & Marsh for diketo- 
piperazine has shown that  the principal rigid-body translations of the molecules are along the 
directions towards neighbouring parallel chains of molecules and are of the order of amplitude 
0.13-0.14 /~. The translational amplitude within the chain is a little less. The rigid-body libration 
about the normal to the molecule is very small (semi-amplitude 1.8°), and results in tangential 
movements of C 1, C 2 and N of the order of 0.04 A, and of O of 0.08/~. There are very large out-of- 
plane librational movements about in-plane axes (semi-amplitudes 7.0 ° and 4.7 °) the larger being 
about an axis making an angle of about 45 ° with [10I] and about 10 ° with the C= O  bond. The 
O and CI atoms appear to have vibrational movements approximately along [101] which are in- 
dependent of the rigid-body vibrations. The coefficient of expansion should be minimum along [101] 
and maximum normal to (10T). 

I n  a recent  paper  by  Degeilh & Marsh (1959), to which 
we shall refer as DM, the  crystal  s t ructure  of diketo- 
piperazine has been refined. This s tudy  shows t h a t  
Corey's original (1938) X- ray  de te rmina t ion  was re- 
markab ly  accurate.  Vainshtein  (1955) later  gave hy- 
drogen positions, based on an electron-diffraction 
study.  The latest  ref inement  (DM) gives individual  

anisotropic t empera ture  factors, bu t  does no t  a t t e m p t  
more t h a n  a qual i ta t ive  in te rpre ta t ion  of these da ta  
in terms of r igid-body t rans la t ions  and l ibrations.  

Since their  /~-factor (for 1144 observed reflexions 
with non-zero weight) is 0.072, i t  does seem possible 
to analyze the DM thermal-v ibra t ion  da ta  with some 
confidence (Lonsdale & Milledge, 1959). 


